Quadratics (2)

1. (a) Determine the restrictions for A such that the equation x? — 6x — 1 + A(2x+ 1) = 0 has real roots.
(b) Determine the restrictions for A such that the equation Ax?> —6x — 1 + A(x + 1) = 0 has real roots.

@ x2-6x—1+A2x+1) =0 & x>+ (2A—6)x+ (A—1) =0 has real roots if and only if
A= (20— 6)? —4(A—1) =0
422 -28A+40=>0
A2—7X+10=0
A-2)(A—-5)=0

A—2<0 A—=22=20
{)\—SSO {}\—520

“A<2 or A=5

(b) A&x2—6x—1+Ax+1)=0 © A&x*+A—6)x+(A—1)=0 hasreal roots if and only if
A=(A—-6)2—4AA—-1) =0
36 -81—3A%2>0
3A2+81-36<0

(}\ _ —4—2 \/3_1) (}\ _ —4+§ \/ﬁ) <0
_4_2‘/ﬁ <A< _‘”;‘/ﬁ

(Check: If A =0, the given equation is reduced to —6x—1 =0 , it is no longer quadratic but has

1
real root x= - )

2. (a) If a and B are the roots of the equation ax? + 2bx + ¢ = 0, where a,b, c are real numbers and a # 0,
show that a+ B = —% and oc[3=§.

(b) If the above equation has real roots and m,n are real numbers such that m? > n > 0, show that

the equation ax? + 2mbx + nc = 0 also has real solutions.

(a) Since a and [ are the roots of the equation ax?+2bx+c=0 ..(1),

therefore

ax—a)x—B)=0
or ax?+a(a+ B)+aaB=0 ..(2)
Compare coefficients of (1), (2), a(a+ B)=2b, aaB=c



(b)

(C))

b)) (a—y)(a—-98)=

Lot B=—? and ap ==

a

If the equation ax? + 2bx+ ¢ =0 has real roots
A= (2b)?> —4ac >0

Therefore b? —ac>0=b%?>ac ...(3) .

For the equation ax? + 2mbx + nc = 0,
A= (2mb)? — 4nc = 4m?b? — 4nac
Casel, If ac< 0, then —4nac >0, (given n > 0)
~ A= 4m?b? — 4nac >0 (m?b? = 0)
Case2, If ac=>0, from(3), b>>ac>0 and multiplyby m? >0,
4m?b? > 4m?ac > 4nac > 0

& A= 4m?b? — 4nac > 0

In both cases, A >0, therefore the equation ax? + 2mbx + nc = 0 also has real solutions.

If a and B are the roots for the equation px? + gx + r = 0, where p,q,r are real numbers and p,q # 0,

show that a+[3=—% ,aB:g

If vy and § are the roots of qx? + rx +p = 0 , show that

@ (@-y)(a-8) =T

() (a=V) (=8B -y -8 = T

(¢) Hence or otherwise, determine the relationship needed for the above two quadratic equations to have one

common real root.

px? +gx+r=px—o)(x—B) =p[x?— (a+ B)x+ af]

.-.—p((x-|—l3):q,po([3=r<:0(-|-B=—%’0(B=£
By Vieta’s Theorem, y+8=—g, y6=§
_ _ 2 _2_(_r p __ qa?+ra+p
(a—Y)(a—8) =a*—(y+8a+ (y6) =« ( q)a+(q)——q

qo? +ro+p
q



(©)

2
Similarly in (a), we have (B —y)(B—8) = qﬁ%ﬁ’fp

(=)= 8)(B — V)(B - §) = (L) (ABn)

q
_ q?a?p2+qrBa’+qraB?+pqa+p qp2+pra+prB+apri+p?
= =
_ 4% (@B)?+qrap (a+ B)+p q (a®+ p2)+pr (a+ B)+a B ri+p?
= =
r 2 r 2 r r
o () rar ) Do (2o (e

q2

2,2

2

2.2 3 3 3 .3
q q°r* q r 2 2,4 r

-+ —2qr—qr+—+ ++—-3qr

2 " p qr—q b p =p T p 34

_ b

_ p3+q3+r3-3pqr
q? q? pa?

The above two equations to have one common real root

e (a=y)or(a=8or(B=y)or(B=8) < (a=y)(a=8)P-v)(B-8) =0

3+q3+r3-3pqr
PG AL L)
Pq

=p3+q3+r2—3pqr=0 and p,q#0
Sp+tq+n(p?+q®?+r2—pgq—qr—rq) =0 and p,q# 0
S-(p+q+0[(p-a?+@-12+r-p)?]=0 and p,q*0

& p+q+r=0and p,q#0
Notethat (p—q)?+(q—1r)?+ (T —p)>?=0 ©p=q=r=0 should be rejected since p,q # 0.
In order that “The above two equations to have one common real root.”, we need :

1. Forpx?+qx+r=0, A=qg?>—4pr=0
2. Forgx’+rx+p=0, A=r’—-4pq=0

In conclusion,
The above two equations to have one common real root

©p+q+r=0 and g2 >4pr and r? >4pq and p,q# 0

If ax?+2bx+c=0 (a#0) and yzx+§,provethat
acy? + 2b(c+a)y+(@a—c)?+4b2 =0

Hence,if o and B are the roots of the equation ax? + 2bx + ¢ = 0, show that

(OL + 2)2 + (B + %)2 _ 4b%(a® + c2a)2:22ac(a — )2




Method 1

Since o and P are the roots of the equation ax? + 2bx+c =10

a+ [3=—% and oc|3:§

2b
L 1 _ @B _ _2b 7 _ _2b_2b_ _2bc+)
(a+oc)+(l3+[3)_a+8+ o - a+ § - a c ac
2b C
1 1\ _ 1, o®+B2 _c 1 (—;) —2(5)_c a , 4b%?-2ac _ a®+c? | 4b%-2ac
(a+a)(B+B)_aB+aB+ of a+§+ § _a+c+ ac T ac + ac

_ (a—c)%+4b?
- ac

The equation with roots (OL + é) and (B + %) is

2b(c+a a—c)? + 4b?
+ ( )y+( ) —0

2
y ac ac
or acy? +2b(c+a)y+(@a—c)>+4b2 =0
Method 2
3 +1_x2+1_ax2+a_(ax2+2bx+c)—2bx+(a—c)_—2bx+(a—c)
Y= T T T ax - ax
axy = —2bx+ (a—¢)
(ay + 2b)x = (a—c¢)
_a-c
X_ay+2b
Since ax?+2bx+c=0

(5m) 2 (5) =0
c(ay + 2b)? + 2b(a—c)(ay + 2b) +a(a—c)? =0
ca’y?+2abcy+2bya?+ac®?+4ab?—2ca’+a3=0
acy?+2 bcy+2aby + c2+4 b —2ac+a*=0
acy? + 2b(c+a)y+ (a—c)?2 +4b%? =0

By Vieta Theorem,



(1) + (1) - 22

ac

(@ s 2)(prt) =

ac

e (o430 (143 [0 (D -2 () - [ -

ac

_ 4b?(a?+c?)—2ac(a—c)?
- a2c?

If x; and x, are the roots of the equation x?— (a+d)x+ad—bc=0 .

3 3

Prove that the equation with roots x;° and X,° is

x% — (a® + d3 + 3abc + 3bcd)x + (ad — bc)3 =0

Method 1
X +Xx,=a+d

X1Xp = ad - bC

Hence, x;3+x,3=(x;+x,)%—3x:%,(x; +x;) = (@+d)®>—3(ad — bc)(a+ d)
= a3 + d3 + 3abc + 3bcd

X13X23 = (ad - bC)3

3 3

Therefore the equation with roots x;° and x,° is

x% — (a® + d3 + 3abc + 3bcd)x + (ad — bc)3 =0
Method 2
Use the transformation y=x3 or x= W and put it in the given quadratic equation
The required equation is therefore i/}_lz —(a+4d) 3\/§ +ad—bc=0
W[W —(a+ d)] = —(ad — bc)
y[y-3G@+d iy 3+ d)? 3y - (a+ d)*] = —(ad — be)?
y{y—3(a+d)[i/§2 —(@+d) 3y +ad—bc|+3 (a+d)(ad — be) - (a+d)*} + (ad — be)* = 0

yiy—3@+d)[0]+3(@+d)(ad—bc)— (a+d)3}+ (ad—bc)3> =0
y% — (a3 + d3 + 3abc + 3bcd)y + (ad — bc)® = 0

If « and B are the roots for the equation x> +bx+c=0 and y and § are the roots for the equation
x> +Abx+2A%2c =0 where b,c and A are real numbers, show that the equations with roots ay + B8 and

ad+ By is  x?—Ab%x+ 2A%c(b%? —2c) = 0 and show that the roots of this new equation are real.



By Vieta Theorem, a+ B=-b , aff=c
and Y+ 8=-Ab, y§ =2A%c

New sum of roots (ay + BS8) + (a8 + By) = (a + B)(y + 8) = (=b)(—Ab) = Ab?
New product ofroots = (ay +B8) (a8 +By) = a?y S+ aBy?> +af 8% + vy p?
= ap(y*+8*) +vy8(a® +p%)
= aB[(y+8)*—2y8] +vy8[(a+ B)* —2ap]
= c[(—Ab)? — 2A%c] + A%c[(—b)? — 2(]
= A%c(b? — 2¢) + A%c(b? — 2¢) = 2A%c(b? — 20)
The new equation is therefore: x% —Ab%x + 2A%¢c(b? = 2¢) =0
A = (—Ab?)? — 4[2A%c(b? — 2¢)] = A%b* + cA? (16 ¢ — 8 b?)
= A?[b* — 8b?%c + 16¢?] = A%[b* — 8b%c + 16¢?]
=2A%[b%2—4c]? =0
Therefore the roots of this new equation are real.

(If A=0 or b= 42+c the new equation has equal roots)

If o and P are the roots of the equation ax? + bx +c =0 (a # 0) form the equation where the roots are

1 1
vy and e

Method 1

Since o and B are the roots of the equation ax? + bx+c =0, (a # 0)

a+ B=—2 and af =<

a

1 1 (a—4B)+(B—4a) _ -3u0-3B _ -3(a+B)
New sum of roots = Z=e + o = S o a0 ~ T ap-awz—2p% 17« p—al(ox B2 f]

—3(—5) 3ab 3ab

17(5)_4[(_9)2_2(§ﬂ = T7ac-a[b?-2ac] _ 25ac—4 b?

(1 1) _ 1 _ 1
New product of roots = (tx—4[3) (8—406) = 7 ap-402-2B2 17 ap—4[ (ot B)2—2 ]

1 a?

17(;)—4[(_2)2_2(§ﬂ ~ 25ac-4 b2

1 1
8 and

1S
B—4a

Therefore the equation where the roots are

3ab 1
Z— X+
25ac—4 b2 25ac—4 b2

or (25ac—4b?)x?—3abx+a’=0

=0

X



Method 2
Since o and P are the roots of the equation ax? + bx+c =0, (a # 0)

a+ B=—2 and o« f ==

a
1 1 I
a-48  (a+B)-5 _P_sg  -b-5ap

Similarly ﬁ = _b_aSaa

by+a

Therefore we use the transformation : y = .
—b-5ax 5ay

18

Therefore the equation where the roots are —_and —
a—4p B—4a
by+a 2 by+a _
a(=55y) o (-3 +e=0
a(by+a)>—bby+a)5ay)+c(5ay)?=0

(by+a)>—bby+a)5y)+ac(5y)2=0
(25ac — 4 b?)y? —3aby + a2 =0  (where y is the variable)

If one of the roots for the quadratic equation ax? +bx+c =0 , (a # 0) is the positive square root of the other,
show that b3 =ac(3b—a—c¢)
Hence, find the value(s) of y such that the roots of the quadratic equation

27x2+6x—(y+2)=0

has a root that is the positive square root of the other.

Let a,va, (o> 0) be the roots of the quadratic equation ax?+bx+c=0, (a# 0).
By Vieta Theorem, o ++a = — b @Y

aa = g Zz)
M2 o +3a2Va+ 3a(Va) + (Vo) = -
()’ + 3a(ya) + 3Va(aa@) + avec = —
Sr3a()+3va()+()=-5%

S4a() e (-5

2+3((-D+0)=-5
ac? — 3abc + a?c = —b3

b3 =ac(3b—a—c¢)



Since 27x?+4+6x—(y+2)=0 hasaroot that is the square root of the other, from b = ac(3b—a — c)
63 =27[-(y+2)](3x 6 —27+ (y + 2))
27y*—135y—162=10
y2—-5y—6=0
y=—lory=26

Check: (1) Ify=-1, 27x>+6x—(y+2)=0 becomes 27x?+ 6x — 1 = 0, then X=—§OI‘X=%

2 Ify=6, 27x*+6x—(y+2)=0 becomes 27x2+6x—8=0,thenx=—§orx:§

Since in both cases, one root is not the positive square root of the other, there is no solution for y.

If o isarootoftheequation x°>—1=0 ,where o# 1 ,form a quadratic equation with roots

a*+ o and o + a? .

5_
1= _1=-1
a—-1 a-1

@+ +@W@+a)=at+ac+a? +a=(a*+a*+a’ +a+1)—1=

(+a)@+a®)=a’ +a+a* +ad =a’a? + a®a+a*+a® = (Da? + (Da + o + o
5_
:a4+a3+a2+a=(a4+0(3+0(2+0(+1)—1:°;_11—1=L—1:—1

a-1

Hence the quadratic equation with roots ~ a* + « and o + a? is

x°4+x—1=0

Yue Kwok Choy
28/9/2016



