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Quadratics (2) 

 

1.  (a) Determine the restrictions for λ such that the equation x� − 6x − 1 + λ�2x + 1
 = 0 has real roots. 

 (b) Determine the restrictions for λ such that the equation λx� − 6x − 1 + λ�x + 1
 = 0 has real roots. 

 

 (a) x� − 6x − 1 + λ�2x + 1
 = 0		 ⟺		 x� + �2λ − 6
x + �λ − 1
 = 0  has real roots if and only if 

   ∆= �2λ − 6
� − 4�λ − 1
 ≥ 0 
   4	λ� − 28	λ + 40 ≥ 0 
   λ� − 7	λ + 10 ≥ 0 
   �λ − 2
�λ − 5
 ≥ 0 
   �λ − 2 ≤ 0

λ − 5 ≤ 0				or				 �
λ − 2 ≥ 0
λ − 5 ≥ 0					�� 

   ∴ 	λ ≤ 2				or				λ ≥ 5 
	 	
	 (b) λx� − 6x − 1 + λ�x + 1
 = 0		 ⟺		 λx� + �λ − 6
x + �λ − 1
 = 0  has real roots if and only if 

   ∆= �λ − 6
� − 4λ�λ − 1
 ≥ 0 
	 	 	 36 − 8	λ − 3	λ� ≥ 0	
	 	 	 3	λ� + 8	λ − 36 ≤ 0	
	 	 	 �λ − ����	√ !

 " �λ − ��#�	√ !
 " ≤ 0	

	 	 	 ∴ ����	√ !
 ≤ λ ≤ ��#�	√ !

 	
	 	 �Check:	 If	 	 	 λ = 0,	 the	 given	equation	 is	 reduced	 to	 −6x − 1 = 0	 ,	 it	 is	no	 longer	quadratic	but	 has	
	 	 	 	 real	root	 	 x = − !

9	 .
	
	
2. (a) If α and β	are the roots of the equation ax� + 2bx + c = 0, where a, b, c are real numbers and a ≠ 0,  

  show that  α + 	β = − �>
?  and α	β = @

?. 

 (b) If the above equation has real roots and m,n are real numbers such that m� > C > 0, show that 

  the equation ax� + 2mbx + nc = 0 also has real solutions. 

 

(a) Since α and β	are the roots of the equation  ax� + 2bx + c = 0				… �1
 ,  

 therefore 

a�x − α
�x − β
 = 0 
 or        ax� + a�α + 	β
 + aα	β = 0				 … �2
 
 

 Compare coefficients of �1
, �2
,  a�α + 	β
 = 2b, aα	β = c 
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        ∴ 	α + 	β = − �>
?  and α	β = @

?. 

 

 

(b) If the equation ax� + 2bx + c = 0  has real roots 

∆= �2b
� − 4ac ≥ 0		 
 Therefore  b� − ac ≥ 0 ⟹ b� ≥ ac				 … . �3
 . 

 

 For the equation ax� + 2mbx + nc = 0,  
∆= �2mb
� − 4nc = 4m�b� − 4nac 

 Case 1,   If  ac < 0,  then  −4nac > 0,  (given n > 0) 
        ∴ ∆= 4m�b� − 4nac > 0  (m�b� ≥ 0) 
 Case 2,   If  ac ≥ 0,  from (3), b� ≥ ac ≥ 0  and  multiply by m� ≥ 0, 
           4m�b� ≥ 4m�ac > 4nac ≥ 0 

∴ ∆= 4m�b� − 4nac > 0 
 

 In both cases,  ∆	≥ 0,  therefore  the equation ax� + 2mbx + nc = 0 also has real solutions. 

 

 

3.  If α and β  are the roots for the equation px� + qx + r = 0, where p, q, r are real numbers	and		p, q ≠ 0, 
 show that   α + 	β = − H

I		 ,	 α	β =
J
I 

 If   γ and δ are the roots of qx� + rx + p = 0 , show that 

 (a)  �α − γ
�α − δ
 = HMN#JM#I
H  

 (b)  �α − γ
�α − δ
�β − γ
�β − δ
 = IO#HO#JO� IHJ
IHN  

 (c)  Hence or otherwise, determine the relationship needed for the above two quadratic equations to have one  

  common  real root. 

 

px� + qx + r ≡ p�x − α
�x − β
 = pQx� − �α + 	β
x + α	βR 
     ∴ −p�α + 	β
 = q, pα	β = r		 ⟺ 		α + 	β = − H

I		 ,	 α	β =
J
I	

 

(a)  By Vieta’s Theorem,  γ + δ = − J
H 	,			γδ =

I
H 

 �α − γ
�α − δ
 = α� − �γ + δ
α + �γδ
 = α� − �− J
H" α + �IH" =

HMN#JM#I
H  

 

(b) �α − γ
�α − δ
 = HMN#JM#I
H  
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 Similarly in (a), we have �β − γ
�β − δ
 = HSN#JS#I
H  

 �α − γ
�α − δ
�β − γ
�β − δ
 = �HMN#JM#IH " �HSN#JS#IH " 

 = HN	MN	SN#H	J	S	MN#H	J	M	SN#I	H	MN#I	H	SN#I	J	M#I	J	S#M	S	JN#IN
HN  

 = HN		�MS
N#H	JMS		�M#	S
#I	H	TMN#	SNU#I	J	�M#	S
#M	S	JN#IN
HN  

 = HN		�VW"
N#H	J�VW	"��

X
W"#I	H	Y��

X
W"

N���VW"Z#I	J	��
X
W"#�

V
W"	JN#IN

HN  

 =
XNVN
WN 	�XNVNWN #XOW ��HJ�HJ#	

VO
W#IN

HN = IN#XOW #	
VO
W� HJ

HN = IO#HO#JO� IHJ
IHN  

 

(c)  The above two equations to have one common real root 

  ⟺ �α = γ
	or	�α = δ
	or	�β = γ
	or	�β = δ
 ⟺ �α − γ
�α − δ
�β − γ
�β − δ
 = 0 
 ⟺ IO#HO#JO� IHJ

IHN = 0 
 ⟺ p + q + r − 3pqr = 0					and		p, q ≠ 0 
 ⟺ �p + q + r
�p� + q� + r� − pq − qr − rq
 = 0				and		p, q ≠ 0 
 ⟺ !

� �p + q + r
Q�p − q
� + �q − r
� + �r − p
�R = 0				and		p, q ≠ 0 
 ⟺ p+ q+ r = 0		and		p, q ≠ 0 
 

 Note that  �p − q
� + �q − r
� + �r − p
� = 0		 ⟺ p = q = r = 0  should be rejected since p, q ≠ 0. 
 

 In order that “The above two equations to have one common real root.”, we need : 

 

 1. For px� + qx + r = 0 ,  ∆= q� − 4pr ≥ 0 
 2. For qx� + rx + p = 0 , ∆= r� − 4pq ≥ 0 
 

 In conclusion,  

 The above two equations to have one common real root 

 ⟺ p+ q+ r = 0			and			q� ≥ 4pr		and			r� ≥ 4pq			and		p, q ≠ 0 
 

 

4. If  ax� + 2bx + c = 0 �a ≠ 0
  and  y = x + !
\, prove that 

acy� + 2b�c + a
y + �a − c
� + 4b� = 0 
 Hence, if  α  and  β  are the roots of the equation ax� + 2bx + c = 0, show that 

]α + 1
α
^
�
+ ]β+ 1

β
^
�
= 4b��a� + c�
 − 2ac�a − c
�

a�c�  
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Method 1 

 

 Since  α  and  β  are the roots of the equation ax� + 2bx + c = 0 
α + 	β = − �>

?  and α	β = @
? 

 

   �α+ !
α
" + �β+ !

β
" = α + 	β + M#	S

αβ
= − �>

? + �N_
à
`

= − �>
? − �>

@ = − �>�@#?

?@  

   �α+ !
α
" �β+ !

β
" = α	β + !

M	S +
MN#	SN
M	S = @

?+
!
a
`
+ ��N_` "

N���a`"a
`

= @
?+

?
@ +

�>N��?@
?@ = ?N#@N

?@ + �>N��?@
?@  

    = �?�@
N#�>N
?@  

 

 The equation with roots  �α+ !
α
" and �β+ !

β
" is 

y� + 2b�c + a

ac y + �a − c
� + 4b�

ac = 0 
     or     acy� + 2b�c + a
y + �a − c
� + 4b� = 0 

 

Method 2 

 

y = x + 1
x =

x� + 1
x = ax� + a

ax = �ax� + 2bx + c
 − 2bx + �a − c

ax = −2bx + �a − c


ax  

axy = −2bx + �a − c
 
�ay + 2b
x = �a − c
 

x = a − c
ay + 2b 

 

 Since  ax� + 2bx + c = 0 
   a � ?�@

?b#�>"
� + 2b� ?�@

?b#�>" + c = 0 
  c�ay + 2b
� + 2b�a − c
�ay + 2b
 + a�a − c
� = 0 
  c	a�	y� + 2	a	b	c	y + 2	b	y	a� + a	c� + 4	a	b� − 2	c	a� + a = 0 
  ac	y� + 2		b	c	y + 2	ab	y	 +	c� + 4		b� − 2	ac + a� = 0    

       acy� + 2b�c + a
y + �a − c
� + 4b� = 0 
 

 By Vieta Theorem, 
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  �α+ !
α
" + �β+ !

β
" = − �>�@#?


?@  

  �α+ !
α
" �β+ !

β
" = �?�@
N#�>N

?@  

 

 Hence �α+ !
α
"� + �β+ !

β
"� = c�α+ !

α
" + �β+ !

β
"d� − 2�α+ !

α
" �β+ !

β
" = c− �>�@#?


?@ d� − �?�@
N#�>N
?@  

   = �>NT?N#@NU��?@�?�@
N
?N@N  

 

5. If  x!  and  x�  are the roots of the equation  x� − �a + d
x + ad − bc = 0 .   

 Prove that the equation with roots  x!   and  x�  is 

x� − �a + d + 3abc + 3bcd
x + �ad − bc
 = 0 
 

 Method 1 

  x! + x� = a + d 
  x!x� = ad − bc 
 

 Hence, x! + x� = �x! + x�
 − 3x!x��x! + x�
 = �a + d
 − 3�ad − bc
�a + d
 
     = a + d + 3abc + 3bcd 
   x! x� = �ad − bc
    

 Therefore the equation with roots  x!   and  x�  is 

x� − �a + d + 3abc + 3bcd
x + �ad − bc
 = 0 
 Method 2 

 Use the transformation  y = x   or  x = eyO  and put it in the given quadratic equation 

 The required equation is therefore  eyO � − �a + d
	eyO + ad − bc = 0 
  eyO feyO − �a + d
g = −�ad − bc
 

y cy − 3�a + d
	eyO � + 3�a + d
� ey	O − �a + d
 d = −�ad − bc
  
   y �y − 3�a + d
 ceyO � − �a + d
	eyO + ad − bcd + 3	�a + d
�ad − bc
 − �a + d
 h + �ad − bc
 = 0 
  yiy − 3�a + d
Q0R + 3	�a + d
�ad − bc
 − �a + d
 j + �ad − bc
 = 0 
  y� − �a + d + 3abc + 3bcd
y + �ad − bc
 = 0 
 

 

6. If α  and β   are the roots for the equation x� + bx + c = 0  and γ  and δ   are the roots for the equation 

 x� + λbx + λ�c = 0  where  b	, c		and			λ  are real numbers, show that the equations with roots αγ + βδ  and  

 αδ + βγ  is   x� − λb�x + 2λ�c�b� − 2c
 = 0  and show that the roots of this new equation are real. 
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 By Vieta Theorem,  α + 	β = −b		 ,	 α	β = c	
	 	 and	 	 γ + δ = −λb	,			γδ = λ�c	
	
	 New	sum	of	roots	 	 	 	 	 	 =	 	 	 �αγ + βδ
 + �αδ + βγ
 = �α + 	β
�γ + δ
 = �−b
�−λb
 = λb�	
	 New	product	of	roots	 	 	 =	 	 	 �αγ + βδ
�αδ + βγ
 = α�γ	δ + α	β	γ� + α	β	δ� 	+ γ	δ	β�	
	 	 	 	 	 	 	 	 =	 α	β�γ� + δ�
 + γ	δ�α� + β�
	
	 	 	 	 	 	 =	 α	βQ�γ + δ
� − 2γδR + γ	δQ�α + 	β
� − 2α	βR	
	 	 	 	 	 	 =	 cQ�−λb
� − 2λ�cR + λ�cQ�−b
� − 2cR	
	 	 	 	 	 	 =	 λ�c�b� − 2c
 + λ�c�b� − 2c
 = 2λ�c�b� − 2c
	
	 The	new	equation	is	therefore:		 	 x� − λb�x + 2λ�c�b� − 2c
 = 0	

Δ = �−λb�
� − 4Q2λ�c�b� − 2c
R = λ�b� + c	λ�	�16	c − 8	b�
 
      = λ�Qb� − 8b�c + 16c�R = λ�Qb� − 8b�c + 16c�R 
      = λ�Qb� − 4cR� ≥ 0 
 Therefore the roots of this new equation are real. 

	 �If	 	 λ = 0		or		b = ±2√c	 	 the	new	equation	has	equal	roots
	
 

 

7. If  α  and  β  are the roots of the equation ax� + bx + c = 0 �a ≠ 0
 form the equation where the roots are 

   
!

M��S 	and	
!

S��M . 

 

 Method 1 

  Since  α  and  β  are the roots of the equation ax� + bx + c = 0 , �a ≠ 0
 
α + 	β = − >

? and α	β = @
? 

   New sum of roots = 
!

M��S+	
!

S��M =
�M��S
#�S��M

�M��S
�S��M
 =

� M� S
!p	M	S��	MN��	SN =

� �M#S

!p	M	S��Q	�M#	S
N��M	SR 

    = � ��_`"
!p�	a`"��Y	��

_
`"

N���	a`"Z
=  ?>

!p?@��Q	>N��?@R =
 ?>

�q?@��	>N 

 

  New product of roots = � !
M��S"	�

!
S��M" =

!
!p	M	S��	MN��	SN =

!
!p	M	S��Q	�M#	S
N��M	SR 

    = !
!p�	a`"��Y	��

_
`"

N���	a`"Z
= ?N

�q?@��	>N 

 

  Therefore the equation where the roots are 
!

M��S 	and	
!

S��M is 

    x� −  ?>
�q?@��	>N x +

!
�q?@��	>N = 0 

   or �25ac − 4	b�
x� − 3abx + a� = 0 
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 Method 2 

 Since  α  and  β  are the roots of the equation ax� + bx + c = 0 , �a ≠ 0
 
α + 	β = − >

? and α	β = @
? 

  
!

M��S =
!

�M#	S
�qS =
!

�_`�qS
= ?

�>�q?S 

  Similarly  
!

S��M =
?

�>�q?M 

 Therefore we use the transformation : y = ?
�>�q?\ 			or			x = − >	b#?

q	?	b . 

 Therefore the equation where the roots are 
!

M��S 	and	
!

S��M is 

  a �− >	b#?
q	?	b "

� + b�− >	b#?
q	?	b " + c = 0 

  a�b	y + a
� − b�b	y + a
�5	a	y
 + c�5	a	y
� = 0 
  �b	y + a
� − b�b	y + a
�5		y
 + ac�5		y
� = 0 
  �25ac − 4	b�
y� − 3aby + a� = 0   (where y is the variable) 

 

 

8. If one of the roots for the quadratic equation  ax� + bx + c = 0 , �a ≠ 0
 is the positive square root of the other, 

 show that  b = ac�3b − a − c
 
 Hence, find the value(s) of  y  such that the roots of the quadratic equation 

27x� + 6x − �y + 2
 = 0 
 has a root that is the positive square root of the other. 

 

 Let  α, √α, �α > 0
 be the roots of the quadratic equation  ax� + bx + c = 0 , �a ≠ 0
. 
 By Vieta Theorem,  α + √α = − >

? 		… �1
 
     α√α = @

? 		… �2
 
 �1
 ,				α + 3α�√α + 3αT√αU� + T√αU = − >O

?O 

  Tα√αU� + 3αTα√αU + 3√αTα√αU + α√α = − >O
?O 

  
@N
?N + 3α�@?" + 3√α�@?" + �@?" = − >O

?O 

  
@N
?N + 3�@?" Tα + √αU + �@?" = − >O

?O 

  
@N
?N + 3�@?" �−

>
?" + �@?" = − >O

?O 

  ac� − 3abc + a�c = −b  
  b = ac�3b − a − c
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 Since  27x� + 6x − �y + 2
 = 0 has a root that is the square root of the other, from b = ac�3b − a − c
  

  6 = 27Q−�y + 2
RT3 × 6 − 27 + �y + 2
U 
  27	y� − 135	y − 162 = 0 
  y� − 5	y − 6 = 0 
  y = −1	or	y = 6 
 Check :   (1) If y = −1,  27x� + 6x − �y + 2
 = 0  becomes 27x� + 6x − 1 = 0, then x = − !

 	or	x =
!
s  

   (2) If y = 6,  27x� + 6x − �y + 2
 = 0  becomes 27x� + 6x − 8 = 0, then x = − �
 	or	x =

�
s 

  Since in both cases, one root is not the positive square root of the other, there is no solution for  y . 

 

 

9. If  α  is a root of the equation  xq − 1 = 0 , where  α ≠ 1 , form a quadratic equation with roots 

 α� + α		and		α + α� . 

 

 �α� + α
 + �α + α�
 = α� + α +α� + α = �α� + α +α� + α + 1
 − 1 = Mt�!
M�! − 1 = u

M�! − 1 = −1 
 �α� + α
�α + α�
 = αp + α9 + α� + α = αqα� + αqα + α� + α = �1
α� + �1
α + α� + α  
     = α� + α +α� + α = �α� + α +α� + α + 1
 − 1 = Mt�!

M�! − 1 = u
M�! − 1 = −1 

 

 Hence the quadratic equation with roots α� + α		and		α + α�  is 

  x� + x − 1 = 0 
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